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We demonstrate that the total energy of electromagnetic ﬁeld in the Bardeen and Ayón-Beato–García 
singularity-free models is equal to the mass parameter M , being therefore independent of the charge 
parameter Q . Our result is fully congruent with the original idea of Born and Infeld to use nonlinear 
electrodynamics for proving the electromagnetic nature of mass.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
The construction of regular black hole models was pioneered by 
Bardeen [1] who ingeniously modiﬁed the well-known Reissner–
Nordström metric [2,3] for spherically symmetric mass and charge 
to remove the singularity at r = 0. Though the global mathemat-
ical properties of Bardeen’s spacetime are well understood (see, 
e.g., [4]), the corresponding electromagnetic source for this space-
time was unknown for many years, as the Bardeen model did not 
originally arise as a solution to some ﬁeld equations. The ﬁrst exact 
regular black hole solutions were constructed, within the frame-
work of Einstein’s gravity coupled to nonlinear electrodynamics, by 
Ayón-Beato and García [5,6] who also later reinterpreted Bardeen’s 
model as an exact solution for a nonlinear magnetic monopole [7]. 
Despite a considerable attention these solutions have received in 
recent years, it seems that the main physical question concern-
ing the Bardeen and ABG spacetimes – How can an arbitrarily 
small charge remove the physical Schwarzschild singularity of a 
collapsed star with enormous mass? – still has not been clariﬁed 
so far. Being strongly convinced that the answer to this question 
must be closely related to the issue of electromagnetic energy as-
sociated with the above spacetimes, in the present letter we will 
calculate the total electromagnetic energy in the Bardeen and ABG 
models to reveal that for all these models it has the same value 
that does not actually depend on the charge parameter Q .
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SCOAP3.2. The total energy of electric ﬁeld in ABG solutions
We start our consideration with the ﬁrst ABG solution [5] de-
ﬁned by the metric
ds2 = − f dt2 + f −1dr2 + r2d2,
f = 1− 2Mr
2
(r2 + Q 2)3/2 +
Q 2r2
(r2 + Q 2)2 , (1)
and the associated electric ﬁeld
E = Q r4
(
r2 − 5Q 2
(r2 + Q 2)4 +
15
2
M
(r2 + Q 2)7/2
)
, (2)
the parameters M and Q standing for the mass and electric charge 
of the source, respectively.
For a static observer, uα = (−gtt)−1/2ξα , ξα being the timelike 
Killing vector, the energy density of the electromagnetic ﬁeld is 
deﬁned as
Tαβu
αuβ = (−gtt)−1Ttt = −T tt , (3)
where Tαβ is the electromagnetic energy–momentum tensor, so 
that the quantity −T tt can be calculated either via the construction 
of the tensor Tαβ from the corresponding tensor Fαβ of nonlinear 
electrodynamics or, more directly, from the Einstein equations,
Tαβ = 1 Gαβ. (4)
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in this letter, then will be equal to the integral over the surface 
t = const,
Ee/m =
∫
R3
(−T tt )√−gdrdϑdϕ, (5)
where 
√−g = r2 sinϑ for all the spherically symmetric spacetimes 
to be considered.
Let us ﬁrst obtain the electric energy density for the ABG solu-
tion (1) straightforwardly from (4). Then we get1
−T tt = −
1
8π
Gtt g
tt = Q
2(r2 − 3Q 2 + 6M
√
r2 + Q 2)
8π(r2 + Q 2)3 , (6)
and it can be shown that the density is a positive deﬁnite function 
if 2M > |Q |.
While evaluating the total electric energy of the ABG solution 
(1) by means of formula (5), we ﬁnd it instructive to carry out the 
integration over r on the interval [0, r], thus getting Ee(r), and then 
tend r to inﬁnity. Therefore, taking into account (6), we obtain
Ee(r) =
r∫
0
π∫
0
2π∫
0
(−T tt ) r2 sinϑdrdϑdϕ
= − Q
2r3
2(r2 + Q 2)2 +
Mr3
(r2 + Q 2)3/2 , (7)
whence it is fairly well clear how in the limit r → ∞ vanishes the 
ﬁrst term on the right-hand side of (7), with Q as a factor, while 
the second term leads to
Ee(∞) = M. (8)
Of course, one would come to the same result for Ee if one 
calculates the component T tt not by means of the Einstein tensor 
(4) but directly from the energy–momentum tensor of electric ﬁeld 
deﬁned in [5] as
4π T αβ =HP PβμPαμ − δαβ (2PHP −H). (9)
Indeed, taking into account that for the ABG solution (1)
Pαβ = 2δt[αδrβ]
Q
r2
, Pαβ = −2δ[αt δβ]r
Q
r2
, P = − Q
2
2r4
,
HP = r
6(2r2 − 10Q 2 + 15M
√
r2 + Q 2)
2(r2 + Q 2)4 ,
H= − Q
2(r2 − 3Q 2 + 6M
√
r2 + Q 2)
2(r2 + Q 2)3 , (10)
it is easy to check that (9) and (10) yield the same expression for 
the energy density as in (6), and consequently the same value of 
the total electric energy (8).
To be sure that the parameter M in (8) is the ADM mass 
[9] of the ABG solution, let us consider the Komar [10] mass 
function MK (r) deﬁned by the following integral of the 2-form 
ω= − 12ηαβνμ∇νξμdxα ∧ dxβ :
MK (r) = 1
4π
∫
Sr
ω, (11)
1 For various analytical calculations involving tensorial quantities, we used the 
computer program RICCI [8].Fig. 1. Behavior of the functions Ee(x)/M and MK (x)/M , with x = r/|Q | and 
|Q |/M = 1, in the case of the ﬁrst ABG solution.
which represents the “mass” inside a sphere of radius r, so that the 
ADM mass will correspond to MK (∞). In the case of the metric 
(1), ω takes the form
ω= 1
2
ωϑϕdϑ ∧ dϕ, (12)
with
ωϑϕ = −2r
3[Q 2(r2 − Q 2) − M(r2 − 2Q 2)
√
r2 + Q 2] sinϑ
(r2 + Q 2)3 ,
(13)
and thus we have
MK (r) = 1
8π
π∫
0
2π∫
0
ωϑϕdϑdϕ = 1
4
π∫
0
ωϑϕdϑ
= − r
3[Q 2(r2 − Q 2) − M(r2 − 2Q 2)
√
r2 + Q 2]
(r2 + Q 2)3 , (14)
whence, in the limit r → ∞, we ﬁnally arrive at
MK (∞) = M. (15)
Therefore, the total electric energy of the solution (1) is equal 
to the ADM mass M independently of the value of the charge pa-
rameter Q . Though this result may look surprising at ﬁrst glance, 
it nevertheless is quite logic as it leaves no doubt that the electric 
energy in the metric (1) is comparable with the ADM mass and 
hence seems to be able to regularize the Schwarzschild singular 
spacetime in principle. At the same time, it is also clear that the 
ABG solution (1) can hardly describe the ﬁeld of a point charge, 
but rather of some distribution of positive and negative charges 
for which the particular value of Q , playing in such a case the role 
of a net charge, does not really matter. In Fig. 1 we have plotted 
the functions Ee(x)/M and MK (x)/M of this solution versus the 
dimensionless variable x = r/|Q |. Note also that the total electric 
energy corresponding to the “massless” (M = 0) subfamily of the 
metric (1) is zero for any Q , which is an indication that this one-
parameter spacetime must have regions of positive and negative 
energy.
2.1. The second ABG solution
It turns out that the above said about the energy of the ABG 
metric (1) is fully applicable to another ABG spacetime described 
by the metric [6]
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ds2 = − f dt2 + f −1dr2 + r2d2,
f = 1− 2M
r
(
1− tanh Q
2
2Mr
)
, (16)
and the electric potential
E = Q
4Mr3
(
1− tanh2 Q
2
2Mr
)(
4Mr − Q 2 tanh Q
2
2Mr
)
. (17)
Indeed, like in the previous case, the density of electric ﬁeld 
can be evaluated through the Einstein tensor, yielding
−T tt =
Q 2
8πr4
sech2
Q 2
2Mr
, (18)
which is a positive deﬁnite function for any nonzero values of M
and Q . Then the electric energy contained inside a sphere of ra-
dius r is given by the expression
Ee(r) = M − M tanh Q
2
2Mr
, (19)
and, for large r, it behaves as M − Q 22r + O  
(
1
r2
)
, so that for the 
total energy of electric ﬁeld Ee(∞) we again obtain, after taking 
the limit r → ∞ in (19), the value M .
The Komar mass function MK (r) of the second ABG solution is 
determined by the formulas (11) and (12) with
ωϑϕ = sinϑ
[
2M
(
1− tanh Q
2
2Mr
)
− Q
2
r
sech2
Q 2
2Mr
]
, (20)
and therefore, taking into account (14), we get
MK (r) = M − Q
2
r
(
1+ cosh Q
2
Mr
) − M tanh Q 2
2Mr
. (21)
Then it follows from (21) that the ADM mass of this solution is 
MK (∞) = M , and one can also verify that MK (r) vanishes at r = 0. 
The characteristic behavior of the functions Ee(r) and MK (r) in 
the vicinity of r = 0 is shown in Fig. 2, where we introduced the 
dimensionless variable x = Mr/Q 2 and divided those functions by 
M for obtaining generic plots not depending on concrete values of 
M and Q . There, one can observe the presence of the region with 
negative values of the Komar function.
3. The total energy of magnetic ﬁeld in Bardeen spacetime
We now turn to analyzing the electromagnetic energy issue in 
Bardeen’s spacetime given by the metric [1]Fig. 3. Behavior of the functions Em(x)/M and MK (x)/M , with x = r/|Q |, in the case 
of the Bardeen spacetime for arbitrary nonzero M and Q .
ds2 = − f dt2 + f −1dr2 + r2d2, f = 1− 2Mr
2
(r2 + Q 2)3/2 , (22)
in which the parameter Q was originally interpreted as describ-
ing the electric charge, but later reinterpreted by Ayón-Beato and 
García [7] as representing a nonlinear magnetic monopole with the 
electromagnetic tensor
Fαβ = 2δϑ[αδϕβ]Q sinϑ. (23)
Once again choosing the most convenient way of ﬁnding the 
density of electromagnetic ﬁeld solely through the metric (22), we 
readily obtain
−T tt =
3MQ 2
4π(r2 + Q 2)5/2 , (24)
so that the magnetic energy Em(r) inside a sphere of radius r will 
have the form
Em(r) = MR
3
(r2 + Q 2)3/2 , (25)
thus leading in the limit r → ∞ to the expectable result for the 
total energy of magnetic ﬁeld:
Em(∞) = M. (26)
As for the Komar mass function associated with the Bardeen 
spacetime, it is obtainable from (11), (12) and (14) taking into ac-
count that
ωϑϕ = 2Mr
3(r2 − 2Q 2) sinϑ
(r2 + Q 2)5/2 , (27)
hence yielding
MK (r) = Mr
3(r2 − 2Q 2)
(r2 + Q 2)5/2 . (28)
As a result, the ADM mass MK (∞) of this spacetime is equal to M , 
similar to the two ABG solutions previously considered.
It follows from (28) that the Komar function of Bardeen’s model 
takes negative values on the interval 0 < r <
√
2|Q | (of course, we 
assume that M > 0), and it has one minimum at rm =
√
2
3 |Q |, so 
that for r > rm , MK (r) is an increasing function. Note that although 
the functions Em(r) and MK (r) in (25) and (28) differ from the re-
spective expressions in the ABG solutions, still their behavior in 
Bardeen’s case depicted in Fig. 3 is very similar to that shown ear-
lier in Figs. 1 and 2.
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lution the component ωϑϕ of the 2-form ω is equal to 2M sinϑ , 
being independent of r, and consequently MK (r) = M for any 
r > 0, which means that the whole mass of the Schwarzschild 
black hole is contained in the singularity at r = 0. In this respect, 
it appears that the mass in the Bardeen and ABG models is not lo-
calized in some restricted region but rather is distributed over the 
entire space.
Let us also note for completeness that in the Reissner–
Nordström solution, which is singular at r = 0, the expression for 
the density of electric ﬁeld does not involve the mass parame-
ter M , being equal to Q 2/8πr4. This implies that the correspond-
ing expression of the electric energy is independent of M too; 
and although (as is well known) the respective integral over the 
whole space is divergent, still the integration over r makes sense 
on the interval [r, +∞), r > 0, giving Q 2/2r. The analogous en-
ergy of magnetic ﬁeld in Bardeen’s model on the latter interval is 
equal to M −Mr3(r2 + Q 2)−3/2, and it vanishes when either of the 
parameters M or Q is equal to zero.
4. Concluding remarks
It is really surprising that all three different models of non-
singular black-hole spacetimes considered in the present paper 
share the same fundamental characteristic with regard to the is-
sue of the total electromagnetic energy whose value, on the one 
hand, turns out to be independent of the charge parameter Q and, 
on the other hand, is equal exactly to the ADM mass M . At the 
same time, this result strongly suggests that, from the global point 
of view, the entire “mass” in the Bardeen and ABG models comes 
from the electromagnetic ﬁeld and the particular values of Q do 
not affect it. Indeed, after converting the Schwarzschild singularity 
(that contained the whole mass) into a regular mass distribution by means of nonlinear electrodynamics, one is obliged to explain 
the origin of that novel mass distribution through the correspond-
ing energy–momentum tensor. So, when the latter tensor is that of 
the electromagnetic ﬁeld only, with no any other sources of gravity, 
then one inevitably arrives at the conclusion that the mass in such 
regular spacetimes must have the electromagnetic origin. In this 
respect, it would be worth recalling the original paper of Born and 
Infeld [11] in which the modiﬁed Maxwell’s equations had been 
used for deducing the electromagnetic origin of inertia, and we 
have an impression that in the papers [5–7] this old idea contra-
dicting the modern conception about the nature of mass was just 
reproduced at a new level.
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